In this paper, we propose the invariant subspace approach to find exact solutions of time-fractional partial differential equations (PDEs) with time delay. An algorithmic approach of finding invariant subspaces for the generalized non-linear time-fractional reaction-diffusion equations with time delay is presented. We show that the fractional reaction-diffusion equations with time delay admit several invariant subspaces which further yields several distinct analytical solutions. We also demonstrate how to derive exact solutions for time-fractional PDEs with multiple time delays. Finally, we extend invariant subspace method to more generalized time-fractional PDEs with non-linear term involving time delay.
Introduction
Many natural phenomena depend not only on the current state of the system at a particular time but also on the previous states. This memory effect can be successfully modeled by using the theory of delay differential equations (DDEs) [1] [2] [3] . Over the past few decades, the study of DDEs has helped to investigate many complex and natural nonlinear phenomena in climate modeling, bioengineering [4] , control theory [5] , agriculture [6] , traffic models [7] , epidemiology and population dynamics [2, 3] , chemical kinetics [8] , chaos [9] and other areas of science and engineering [1] [2] [3] [10] [11] [12] [13] . Many physical models, especially non-linear ones, are methodically and effectively analyzed with the help of fractional calculus and in particular, with fractional delay differential equations (FDDEs) [14] [15] [16] [17] [18] [19] [20] . The subject of fractional delay PDEs is rather recent and has proven to be a powerful tool in describing various natural and scientific phenomena in Science and Engineering.
In the recent years, many researchers have made attempts to find and study solutions of non-linear fractional or integer-order PDEs without delay using analytical and numerical methods such as Lie symmetry analysis method [21] [22] [23] , Adomian decomposition method [24, 25] , Hirota bilinear method [26] and so on. In general, it is very difficult to derive exact solutions of non-linear fractional delay PDEs. Analytical solutions for most of the classical PDEs with delay are still not available. Polyanin and Zhurov [27] have investigated and found exact solutions of delay reaction-diffusion equation. Non-linear time-fractional delay reaction-diffusion equations are more complex than their integerorder counterparts, as fractional derivatives are more involved than the classical derivatives. Thus finding exact solutions is tedious and challenging task in case of non-linear fractional delay PDEs.
The present paper deals with the investigation of analytical solutions for the general- Here u = u(x, t),ū = u(x, t − τ ), τ > 0 and x ∈ R. The term D(u) is transfer/ diffusion coefficient that depends on u, and R(u,ū) denotes the rate of reactions known as kinetic function which depends on u andū involving time delay. These equations are widely used to describe plenty of natural phenomena in the areas of Science and Engineering [28] [29] [30] [31] . Note that when α = 1 and τ = 0, the equation (1.2) can be referred as quasilinear heat equation or reaction-diffusion equation [32] . The analytical solutions of integer-order PDE without delay corresponding to (1.2) , was discussed by Galaktionov and Svirshchevskii using the invariant subspace method [32] .
To best of our knowledge, no one has investigated the exact solutions of time-fractional delay reaction-diffusion equations in the literature so far. Here, we derive exact solutions for time-fractional reaction-diffusion equations with time delay using the invariant subspace method (ISM). ISM was introduced by Galaktionov and Svirshchevskii [32] , and further developed by many researchers [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] for integer and fractional order scalar and coupled PDEs. The main objective of the present paper is to demonstrate that the generalized non-linear time-fractional delay reaction-diffusion equations admit several invariant subspaces which further yields several distinct exact solutions. We also present the exact solution for non-linear reaction-diffusion equations with multiple time delays.
The research paper is organized as follows. In section 2, we provide some basic concepts and results that are used throughout this paper. Further we generalize the theoretical framework of ISM for solving non-linear time-fractional PDEs involving a linear term with time delay. Section 3 presents an algorithmic approach for finding invariant subspaces. Further we construct invariant subspaces of dimension n=1, 2, 3, 4, 5, and corresponding linear as well as non-linear operators for both RD equations (1.1)-(1.2) under study. In section 4, we illustrate the applicability and effectiveness of the extended ISM by finding exact exponential, polynomial and trigonometric solutions of the above-mentioned time-fractional delay PDEs. In section 5, we discuss the extension of the invariant subspace method to time-fractional PDEs with multiple time delays, and find its exact solutions. Further, we employ the ISM to more generalized non-linear PDEs with time delay. Finally in section 6, conclusions are summarized.
Preliminaries
In this section, we provide some relevant basic concepts and definitions of the fractional calculus. Further we present brief details of the ISM for time-fractional PDEs involving time delay. Definition 2.1 ([14, 15] ). Let ϕ(t) ∈ C n [a, b] and α > 0. Then the Caputo fractional derivative of order α > 0 is defined by
Prerequisites of fractional calculus
where C n [a, b] denotes the set of all continuously n-times differentiable functions. 
The functions E 1 α,1 and E 1 α,β are called as one-parameter and two-parameters Mittag-Leffler functions respectively. Note 1 ( [14, 15] ). The Laplace transform of Caputo fractional derivative of order α ∈ (n − 1, n], n ∈ N, is
The Laplace transformation of the generalized Mittag-Leffler function t β−1 E γ α,β (±at α ) is given by
Note 3 ( [49, 50] ). Delayed unit step function or Heaviside function is defined as
Laplace transformation of unit step function (2.2) is given by
By taking the inverse Laplace transform of both sides, we get
where ' ⋆' denotes the convolution of ϕ 1 (t) and ϕ 2 (t), and is defined by the integral
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PDEs involving a linear term with time delay
Consider the non-linear time-fractional PDE involving a linear term with time delay
where u ≡ u(x, t),ū ≡ u(x, t − τ ), and τ > 0.
Here N [u] = N x, u, ∂u ∂x , ∂ 2 u ∂x 2 , . . . , ∂ k u ∂x k denotes a non-linear differential operator of order k (k ∈ N), and ∂ α (·) ∂t α is a time-fractional derivative in the Caputo sense. We define the linear space W n = z L[z] = a n d n z dx n + a n−1
where ϕ 1 (x), . . . , ϕ n (x) form a solution set for some linear ordinary differential equation = a n d n H dx n + a n−1 d n−1 H dx n−1 + · · · + a 1 dH dx
where the constants a n , . . . , a 0 are to be determined. Thus, there exist n-functions Θ 1 ,
where A i andĀ i (i = 1, 2, . . . , n) are arbitrary real constants. Here {Θ i } ′ s are known as expansion coefficients of H[u,ū] ∈ W n with respect to the basis functions {ϕ i } ′ s.
It follows that the time-fractional PDE with linear delay (2.3) has a solution of the form
where the coefficients A 1 (t), A 2 (t), . . . , A n (t) satisfy the following system of fractional delay ODEs
The fractional delay ODEs (2.7) are comparatively simple to handle.
Note: Using the invariant subspaces, the given time-fractional delay PDEs reduces to the system of fractional delay ODEs.
3 Classification of invariant subspaces for time-fractional
RD equations with time delay
Here, we present an algorithmic approach to find invariant subspaces for the following equations:
(i) Generalized time-fractional reaction-diffusion equation with time delay (1.1).
(ii) Time-fractional heat equation with source term involving time delay (1.2).
Generalized time-fractional RD equation involving linear time delay
Generalized time-fractional reaction-diffusion equation involving a linear term with time delay (1.1) can be written as
where the terms D(u) and R(u,ū) denote the diffusion, and reaction with time delay (τ > 0), respectively, and x ∈ R.
An algorithmic approach for finding invariant subspaces: It may be noted that when D(u) and R(u,ū) are arbitrary, there exists no invariant subspace for the above Eq. (1.1). In this section, we consider a linear term incorporated with time delay, i.e.,
is an arbitrary function of u. Invariant subspace dimension theorem implies that the possible dimension of invariant subspaces corresponding to operator H 1 , is n ≤ 2k + 1 = 1, 2, 3, 4, 5 as order k = 2 (cf. [32] ).
Consider the more general five-dimensional linear space
where z (k) = d k z dx k , k = 1, . . . , 5, and ϕ 1 (x), . . . , ϕ 5 (x) form a solution set for some linear ODE of order 5. Thus, the invariant condition of H 1 [u,ū] takes the form 
Simplification of the above equation gives an over-determined system, solving which we get different values of D(u), M(u) and a ′ i s. Corresponding to distinct D(u), M(u), and a 0 , a 1 , a 2 , a 3 , a 4 and a 5 we find all possible operators H 1 , and their invariant subspaces of various dimensions as discussed below.
Invariant subspaces and corresponding non-linear differential operators
Here we present exponential, polynomial and trigonometric subspaces of the dimension n = 1, 2, 3, 4, 5 along with the corresponding non-linear operators for (1.1) .
Exponential subspaces
1-D subspace: For a 5 = a 4 = a 3 = a 2 = 0, a 1 = 1, and a 0 ∈ R in (3.1), the one-
Polynomial subspaces 2-D subspace: When a 0 = a 1 = a 3 = a 4 = a 5 = 0 and a 2 ∈ R in (3.1), we observe that the two-dimensional polynomial subspace W 2 = {z | L[z] = a 2 z ′′ = 0} = Span {1, x} is invariant space with respect to H 1 [u,ū] for the following choices of D(u) and R(u,ū):
3-D subspace: Let a 0 = a 1 = a 2 = a 4 = a 5 = 0 and a 3 ∈ R in (3.1). Then the three-dimensional polynomial subspace 
3) was studied by Galaktionov and Svirshchevskii [32] , and they found its exact solution in the polynomial subspace W 4 .
It may further be noted that for α = 1, and c 1 = c 0 = δ 1 = 0, the equation (3.4) was discussed and its exact solution in 5-dimensional polynomial space was found by Galaktionov and Svirshchevskii [32] .
Trigonometric subspaces 2-D subspace: In this case, we assume that a 5 = a 4 = a 3 = a 1 = 0, a 2 = 1 and a 0 ∈ R in
3-D subspace: For a 5 = a 4 = a 2 = a 0 = 0, a 1 ∈ R and a 3 = 1 in (3.1), the 3- 
When α = 1, Eq. (3.5) admits following invariant space of dimension five:
For α = 1, c 1 = δ 1 = c 0 = 0, time-fractional quasi-linear heat equation 
Time-fractional heat equation involving a source term with time delay
In this section, we study the heat equation (1.2) involving a linear source term with time delay as follows
where the terms D(u) and R(u,ū) denote the diffusion and reaction with time delay respectively, and x ∈ R.
Following the above procedure, we consider the general five-dimensional linear space
Invariant subspaces and corresponding non-linear differential operators
In this subsection, we classify exponential, polynomial and trigonometric subspaces of dimension n = 1, 2, 3, 4, 5 with respect to the non-linear differential operators.
Exponential subspaces 1-D subspace: For a 5 = a 4 = a 2 = a 3 = 0 and a 1 = 1 in (3.6), the obtained one- Further note that W 2 is invariant under H 2 [u,ū] where D(u) and R(u,ū) are as follows:
(iv) D(u)-arbitrary and R(u,ū) = c 1 u + δū + c 0 .
3-D subspace: Let a 0 = a 1 = a 2 = a 4 = a 5 = 0 and a 3 ∈ R in (3.6) . Then, the obtained
Trigonometric subspaces 2-D subspace: In this case, we assume a 5 = a 4 = a 3 = a 1 = 0, a 2 = 1 and a 0 ∈ R in (3.6) . Thus H 2 [u,ū] admits the two-dimensional trigonometric invariant subspace
for the following cases:
3-D subspace: For a 5 = a 4 = a 2 = a 0 = 0, a 1 ∈ R and a 3 = 1 in (3.6), the three-
which is admitted by the differential operator Case (i): If a 0 = 0 and a i ∈ R, i = 1, . . . , 5, then the linear differential operators
where D(u) = b 0 and R(u,ū) = c 1 u + δū + c 0 , admit the following invariant subspaces:
3. W n+1 = Span 1, cos (κ 1 x), sin (ω 1 x), . . . , cos (κ n 2 x), sin (ω n 2 x) . 
along with the initial condition where unknown function A(t) is to be determined by solving
Here the initial condition (4.2) implies that A(t) = ψ(t), t ∈ [−τ, 0].
Applying the Laplace transformation on both sides of equation (4.4), we have
By simplification, we obtain
(4.5)
Taking inverse Laplace transformation and using convolution theorem in (4.5), we get
where H(t − nτ ) is a delayed unit step function. Further we note 
Thus Eq. (4.5) becomes
Hence exact solution of generalized time-fractional RD equation with time delay (4.1)
corresponding to 1-dimensional exponential subspace is
Two-dimensional polynomial solution
Consider the polynomial subspace W 2 = Span {1, x} along with D(u) = b 0 and R(u,ū) =
The initial condition here reads u(x, t) = Φ(x, t) = ψ(t) + φ(t)x, −τ ≤ t ≤ 0.
Here, the polynomial exact solution for (1.1) is
where A 1 (t) and A 2 (t) satisfy the following system of linear fractional delay ODEs
Applying the Laplace and inverse Laplace transform along with convolution theorem to (4.7), and proceeding the above similar procedure, we get
(4.9)
Thus, we obtain
Similarly, we compute
Hence, we obtain an exact solution of time-fractional reaction-diffusion equation with time delay (1.1) along with D(u) = b 0 and R(u,ū) = c 1 u + δū + c 0 , as
where A 1 (t) = ψ(t) and A 2 (t) = φ(t), t ∈ [−τ, 0].
Three-dimensional trigonometric solution
Consider the following invariant space a 1 x) . Following the above similar procedure, we find an analytical solution of (1.1) corresponding to H 1 [u,ū] as follows 
The linear space
. . , m, m ∈ N. Thus, we find an exact solution of (4.10) corresponding to space W 1 as
Two-dimensional polynomial solution
Consider W 1 = Span {1, x} with respect to the following time-fractional heat equation
where D(u) is an arbitrary and R(u,ū) = c 1 u + δū + c 0 , c 1 , δ, c 0 ∈ R. Thus delay PDE (4.11) admits an exact polynomial solution u(x, t) = A 1 (t) + A 2 (t)x, where A 1 (t) and
A 2 (t) are:
where A 1 (t) = ψ(t) and A 2 (t) = χ(t), t ∈ [−τ, 0].
Two-dimensional trigonometric solution
For D(u) = b 2 u 2 + b 1 u + b 0 and R(u,ū) = a 0 b 2 u 3 + b 1 a 0 u 2 + c 1 u + δū, b i , a 0 , c 1 , δ ∈ R, i = 0, 1, 2, the non-linear time-fractional heat equation with source term involving delay
Eq. (4.12) admits 2-dimensional invariant subspace W 2 = Span cos ( √ a 0 x), sin ( √ a 0 x) as
Hence corresponding to W 2 , we find an exact solution of non-linear time-fractional heat equation with linear source term involving time delay (4.12) as
where A 1 (t) = χ(t) and A 2 (t) = ω(t), t ∈ [−τ, 0], and λ = c 1 − a 0 b 0 .
Generalizations
Extension to non-linear time-fractional PDEs involving the linear terms with multiple time delays
Consider the non-linear time-fractional PDEs involving the linear terms with multiple/ several time delays for α > 0, having the form
u(x, t) = Ω(x, t), t ∈ [−τ * , 0], τ * = max{τ 1 , . . . , τ m },
is a non-linear differential operator of order k (k ∈ N), where u (r) = ∂ r u ∂x r , r = 1, . . . , k, and τ i > 0 (i = 1, 2, . . . , m, m ∈ N).
The linear space (2.4) is said to be invariant with respect to the non-linear differential operator F [u,ū i ] if N [W n ] ⊆ W n , i.e., N [u] ∈ W n , for all u ∈ W n . If W n is an invariant under F , then the invariant condition of F reduces to the following form
δ iūi and the constants a n , . . . , a 0 are to be determined. Then there exists n functions Θ j (j = 1, 2, . . . , n) such that A j (t)ϕ j (x), (5.4) where the coefficients A j (t) satisfy the following system of fractional delay ODEs
Proof. Calculating Caputo fractional derivative of order α to (5.4) with respect to variable t, we obtain
Since the linear space W n is invariant under F , in view of (5.3), we have 
Using the linear independence of function ϕ j 's, j = 1, . . . , n, Eq. (5.7) yields
. . , n, n ∈ N.
Exact solution for time-fractional heat equation with two time delays
Consider the non-linear time-fractional heat equation with source term involving two time delays having the form
Eq. (5.8) admits two-dimensional trigonometric subspace W 2 = Span cos ( √ a 0 x), sin ( √ a 0 x) .
Thus an exact solution of time-fractional heat equation (5.8) is of the form
where A 1 (t) and A 2 (t) are the coefficients which are determined by solving the following linear fractional delay ODEs
(5.10)
Here A j (t) = ψ j (t), t ∈ [−τ ⋆ , 0], j = 1, 2, where τ ⋆ = max {τ 1 , τ 2 }. Applying the Laplace transform on both sides of equations of the system (5.10), we have
which on simplification, takes the form
Using inverse Laplace transform and convolution theorem in (5.11), we get
First consider
The function ψ j (t) is extended to [−τ i , ∞) by defining ψ j (t) = ψ j (0) for t ≥ 0, then for
Thus for j = 1, 2,
i.e., t ≥ nτ * , where τ * = max{τ 1 , τ 2 }. This implies n ≤ t τ * . Hence, we obtain an exact solution of non-linear time-fractional heat equation with source term involving two time delays (5.8) as
where τ = ((n − m)τ 1 + mτ 2 ) , A j (t) = ψ j (t), t ∈ [−τ * , 0], τ * = max {τ 1 , τ 2 }, j = 1, 2.
Another extension to generalized non-linear time-fractional
PDEs with time delay = a n d n G dx n + a n−1 d n−1 G dx n−1 + · · · + a 1 dG dx + a 0 G L(u)=0 = 0, n ∈ N, (5.13) where G[u,ū] is the given non-linear differential operator, and the constants a n−1 , . . . , a 0 are to be determined. Then there exists n functions Ψ j (j = 1, 2, . . . , n) such that A j (t)ϕ j (x), (5.15) where the coefficients A j (t) satisfy the following system of fractional delay ODEs d α A j (t) dt α = Ψ j (A 1 (t) , . . . , A n (t), A 1 ((t − τ ) ), . . . , A n ((t − τ ))), j = 1, . . . , n.
Proof. Similar to the proof of Theorem 5.1.
The Invariant subspaces of specific generalized non-linear time-fractional PDEs will be presented elsewhere.
Conclusions
In the current article, we have presented a detailed study for finding exact solutions of non-linear time-fractional PDEs involving delay. We present how the generalized non- 
